There are many possible methods to solve equations of the form
Introduction
In the secondary mathematical education equations (or system of equations) containing one or more unknowns, numbers and/or parameters are usually considered and solved.
However, on mathematical competitions, in mathematical journals and problem books there are growing number of such equations (or system of equations) containing independent variables, known functions, unknown functions and constants. Those type of equations are called functional equations. A function (or a set of functions) is a (particular) solution of a functional equation (or a system of functional equations) if, and only if, it satisfies the functional equation (or the system of functional equations) on its given domain. A functional equation is solved in a given class of functions if the totality of (particular) solutions are given in that class.
There are many monographs for systematical discussion of the theory of functional equations (see e.g.
[1], [2] , [3] , [6] , [8] , [9] , [10] , [12] ). But, as far as we know, there are only a few textbook in this field (e.g. [4] , [5] , [7] , [11] ), which are suitable for the fostering of talented students on different level of mathematical education and might help the work of theachers, too. It is interesting that most of these monographs and textbooks are closely associated with Eastern-European scientists and teachers, who played an important role in the investigations of functional equations and in the discovering and collecting of the school-applications.
During the preparations of lecture notes [11] , being supported by the fundamental monograph [2] of Aczél, we studied the following problem field.
There are many possible methods to solve functional equations of the form
We say, and this can be formulated in secondary school, A ⊆ R is a group with respect to the operation + of R, that is, A ⊆ R is an additive subgroup of R. First, we show that, if A ⊆ R is an arbitrary additive subgroup of R then functions f : R → R of the form (7) satisfy equation (5) . To this, as at the solution of Problem 1, we distinguish four cases:
• If x, y ∈ A then x + y, −y ∈ A and so x − y = x + (−y) ∈ A. This and (7) imply f (x) = f (y) = f (x + y) = f (x − y) = c. Thus (5) holds for all x, y ∈ A.
• If x, y ∈ R \ A then f (x) = f (y) = 0 immediately implies that (5) holds in this case, too.
• If x ∈ A and y ∈ R \ A then we have x + y ∈ R \ A (on the contrary, let us suppose x + y ∈ A then, since −x ∈ A, y = (x + y) + (−y) ∈ A, which contradicts y ∈ R \ A). Thus, we infer from (7) , f (y) = f (x + y) = 0. Therefore, both sides of (5) is equal to 0, that is, (5) holds for all x ∈ A, y ∈ R \ A.
• If x ∈ R \ A and y ∈ A then, similarly to the previous case, we get that x − y ∈ R \ A and then the equalities
On the other hand, we prove that if the function (7) 
Thus, using the equalities
• If x, y ∈ A then, replacing x by x + y and y by x in (5), we get
Thus A is an additive subgroup of R which completes the proof of the last statement. Summarizing, our solution implies the following result.
Theorem 1. The function f : R → R satisfies functional equation (5) if, and only if, Remark 3. If A = R is an additive subgroup of R then there exist (at least at the points of A) discontinuous solutions of (5). If A = Q and 0 = c ∈ R then
is a nowhere continuous solution of (5). If c = 1 then we get the Dirichlet function as a solution of functional equation (5) . 
( (8) Put y = 0 into (8) to get
In case f (0) = 0 (9) implies f (x) = 0 (x ∈ R), which indeed satisfies functional equation (8) .
If f (0) = 1 or f (0) = −1 then there is an other method for obtaining solutions of equation (8) This implies that f (y) ∈ 0, 3 f (0) for all y ∈ R. Thus, in case f (0) = 1 or f (0) = −1 the functions
respectively, are the only possible solutions of equation (8) for some sets A ⊆ R. We will prove that functions of the form (11) satisfy (8) if, and only if, A ⊆ R is an arbitrary additive subgroup of R. First, using the same argument as at the solution of Problem 3, we prove that functions of the form (11) satisfy (8) if A is an additive subgroup of R:
Therefore (8) holds for all x, y ∈ A.
• If x, y ∈ R \ A then f (x) = f (y) = 0. Hence, both sides of equation (8) is equal to 0, which implies that (8) holds in this case, too.
• If x ∈ A, y ∈ R\A then x+y ∈ R\A. Thus, we infer from f (y) = f (x+y) = 0 that (8) holds for all x ∈ A and y ∈ R \ A.
immediately implies that f satisfies (8) for all x ∈ R \ A and y ∈ A.
It remains to show that, if the functions in (11) satisfy (8) for some A ⊆ R, then A is an additive subgroup of R.
• f (0) = ±1 implies 0 ∈ A;
• If y ∈ A then, from the first equation of system (10), we get
which implies f (−y) = ±1, that is, −y ∈ A;
• If x, y ∈ A then replacing x by x + y and y by x in (8), we get
which implies
f (x + y)f (2x + y) = 1 (x, y ∈ A).
Thus f (x + y) = 0, that is,
Thus we have proved the following result. (8), we get
which immediately implies that f (x − y) = 0 and so x − y ∈ A.
The general solution of equation (12)
The next step in creating our sequenced problems is the following.
where 1 = a ∈ R + is an arbitrary constant.
(If a = 1 then we derive equation (8) This implies that either f (0) = 0 or f (0) = 1 a 2 or f (0) = − 1 a 2 . Put y = 0 into (12) to get
which, together with f (0) = 0, implies that f (x) = 0 (x ∈ R).
Let now f (0) = 1 a 2 or f (0) = − 1 a 2 . Using the substitutions x = 0, and x = 0, y = −y in (12), respectively we get, for all y ∈ R, the system of equations Sequenced problems for functional equations 189
where A ⊆ R is an arbitrary additive subgroup of R. It follows from (16) that f (x) = F (x)a x−2 (x ∈ R). This equality, together with (18), implies Theorem 3.
Remark 7. If A = R then the functions
are the everywhere and nowhere zero solutions of (12), respectively (see [1], [2] ).
Remark 8. If A ⊂ R is a proper additive subgroup of R, then the not identically zero solutions of (12) are discontinuous at least at the points of A, further, if A = Q then we have a nowhere continuous solution on R.
The generalization of equation (12)
The given function g(y) = a y+4 (y ∈ R) in equation (12) All of these suggest the following generalization of Problem 5. 
where the function g : R → R + satisfies equation (19).
By a simple modification of the solutions for Problem 5, we shall prove the following result concerning to the solution of Problem 6. 
